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The relationship between on-shell tree level scattering amplitudes of open and closed strings,
discovered some time ago by Kawai, Lewellen and Tye, is used at field theory level (at O(α′3))
to establish a link between the general relativity and the non-abelian Yang-Mills effective actions.
Insisting at the effective Lagrangian level that any tree N point gravity on-shell scattering amplitude
is directly factorisable into a sum of N point left-right products of non-abelian Yang-Mills tree on-
shell scattering amplitudes, non-trivial mappings of the effective general relativity operators into
the effective non-abelian Yang-Mills operators are derived. Implications of such mapping relations
of the field operators are discussed.
INTRODUCTION
One of the interesting aspects of modern string the-
ory is that it enables the conjecturing of links of a deep
and profound nature, between seemingly unrelated field
theories.
Here the string relations, which factorizes any N point
scattering amplitude of a closed string mode into a prod-
uct of N point scattering amplitudes of left-right propa-
gating modes of open strings, will be used to link gravity
and gauge theory. The open-closed string relations dis-
cussed here are the Kawai-Lewellen-Tye relations [1]. As
will be observed they impose a very non-trivial relation-
ship between the coefficients of on one side the generic
general relativity effective Lagrangian, and on the other
side the general effective non-abelian Yang-Mills massless
vector field Lagrangian. The lowest order terms were dis-
cussed previously in [2].
Gravity and gauge theories are two fundamental the-
ories in the understanding of high energy physics, both
based on the principles of local gauge invariance, but
despite that they have rather dissimilar field dynamics.
While general relativity is only renormalizable in an effec-
tive manner [3], including at each loop order new invari-
ant field operators into the theory, a non-abelian Yang-
Mills gauge theory is a completely renormalizable theory
in four dimensions. Besides that, the theory of general
relativity, being an infrared safe theory, does not share
the UV asymptotic freedom associated with non-abelian
Yang-Mills gauge theories. The KLT connections impose
therefore a mysterious relationship between rather incon-
gruent theories.
The KLT-relations can directly be used as an effi-
†Present address.
cient way of calculating N point gravity amplitudes from
N point gauge amplitudes at tree level [7]. By D-
dimensional unitary cuts of loop diagrams, i.e. using the
analytic properties of the S-matrix, also gravity loop am-
plitudes can be related to gauge theory ones, through the
KLT-relations [8, 9, 11]. See also [12, 13]. For a recent
detailed review of the applications of the KLT-relations,
see [14]. The KLT-relations do not hold only for the
pure fields of the two theories, but also in the presence
of matter, as shown in [15].
Evidently this emphasizes that the KLT-relations are
a rather useful and labor conserving tool, which can be
used in calculations of scattering amplitudes in gravity.
This has been used, for example, to demonstrate that
N = 8 supergravity is less divergent in the ultraviolet
than had been appreciated [9]. However the intriguing
question naturally arises, if the KLT-relations have a role,
in a deeper interplay between general relativity and and
non-abelian Yang-Mills theory.
The KLT-relations provide a hope for a more general
link between the two theories, than just for on-shell tree
amplitudes. This can compliment the Maldecena conjec-
ture [10] which provides a relation between strong and
weak phases of the theories. A natural place to begin
such an investigation of the KLT-relations is obviously at
the Lagrangian level. However comparison of the effec-
tive Lagrangians of the two theories, yields no immediate
factorization of gravity into a “square” of an Yang-Mills
theory [27]. An obvious complication of such investiga-
tions is, that the S-matrix scattering amplitudes which go
into the KLT-relations are on-shell. Furthermore, string
theory does not contain a Lagrangian formalism. In [2] it
was shown that the tree level properly regularized grav-
ity vertices is reconstructible from the Yang-Mills ampli-
tudes for certain choices of the non-abelian gauge.
In this letter the two field theories will be compared
at the Lagrangian level. Through the comparison of the
2scattering amplitudes and use of the KLT-relations, it
will be seen how the coefficients of the two effective La-
grangians have to be related. This does not solve the
fundamental problem of understanding the interplay be-
tween gravity and gauge theory, seemingly given by the
KLT-relations, but it provide means for further investiga-
tions, and presents some rather astonishing links between
the field operators of non-abelian Yang-Mills theory and
gravity.
The structure of this letter will be as follows. First it
will be showed how to construct the effective Lagrangians
in general relativity and Yang-Mills theory. Here it is
very labor conserving to determine early which field op-
erators are irrelevant in the process of comparing the
scattering amplitudes. Only operators which do not vary
under a general field redefinition will be included in the
generic Lagrangians. Next the explicit scattering am-
plitudes for the two theories based on their respective
generic Lagrangians will be presented. The coefficients
on the gravity side will be compared with the coefficients
on the Yang-Mills side, insisting that the field theory
limit of the KLT-relations have to hold.
Throughout this paper, units c = ~ = 1 and the metric
convention (+−−−) will be employed.
EFFECTIVE ACTIONS FOR GRAVITY AND
YANG-MILLS
Einstein’s theory of general relativity tells us that the
pure Lagrangian for the gravitational field, in absence of
a cosmological constant, has to take the form
L = √−g
[
2R
κ2
]
(1)
where gµν denotes the gravitational field, g ≡ det(gµν)
and R is the scalar curvature tensor. κ2 ≡ 32piG, where
G is the gravitational constant. The convention, Rµναβ =
∂αΓ
µ
νβ − ∂βΓµνα + . . . is followed.
The possibility of including higher derivative contribu-
tions into the action is not excluded by the principles of
general relativity. The implications at the classical level
by the addition of such terms into the action are very
limited at low energies [17].
It is a well known fact that the pure theory of Ein-
stein gravity is formally renormalizable at D = 4 and one
loop [4], but this is a coincidence. Trivially it happens
because the Ricci-tensor vanishes on-shell for the pure
theory. Already at 2-loop order the theory was shown to
be truly a non-renormalizable theory by explicit calcula-
tions [5]. Including any matter fields into the Lagrangian
also yields a non-renormalizable theory [4, 6]. However,
including the full set of gravitational field invariants into
the Lagrangian, that is, by treating general relativity as
an effective theory, where the Einstein term provides the
lowest energy classical limit, the action is trivially renor-
malizable [3].
The effective theory of general relativity provides a
mean for calculating gravitational quantum corrections,
see [18, 19, 20]. The effective field theory approach is
therefore at present the best candidate for a quantum
field theory of gravitational interactions in four dimen-
sions. The effective field theory will only work for energy
scales below the Planck scale ∼ 1019 GeV, but this is
still incredible good compared to the limiting scale of
the Standard Model ∼ 100− 1000 GeV. Treating general
relativity as an effective field theory is hence the natu-
ral framework for the low energy limit of a gravitational
quantum field theory.
For the theory of Yang-Mills non-abelian vector field
theory, the pure Lagrangian for the non-abelian vector
field can be written
L = − 1
8g2
trF 2µν (2)
where Aµ is the vector field and Fµν = ∂µAν −
∂νAµ + g[Aµ, Aν ]. The trace in the Lagrangian is
over the generators of the non-abelian Lie-algebra, e.g.
tr(T aT bT c)F aµλF
b
λνF
c
νµ, where the T
a’s are the genera-
tors of the algebra [28]. The convention g = 1 will also
be employed, as this is convenient when working with the
KLT-relations. The above non-abelian Yang-Mills action
is of course renormalizable at D = 4, but it still makes
sense to treat it as the minimal Lagrangian in an effec-
tive field theory. In the modern view of field theory, any
invariant obeying the underlying basic field symmetries,
such as local gauge invariance, should in principle always
be allowed into the Lagrangian.
Thus any gauge invariant operator in Yang-Mills and
in general relativity is allowed in the effective actions in
this approach. However, only operators that are non-
vanishing on-shell, and which are invariant under a gen-
eral local field redefinitions such as e.g.
δgµν = a1Rµν + a2gµνR . . . (3)
δAµ = a˜1DνFνµ + . . . (4)
are unambiguous when comparing on-shell S-matrix el-
ements [22, 23], where D is the gauge theory covariant
derivative. The ellipses in the above relations stand for
possible other field redefinitions, such as higher deriva-
tive and other additional contributions. Excluding all
such terms rules out all contributions containing e.g. the
Ricci tensor, and reduce the possible invariants to include
in the generic effective Lagrangians to a minimum.
Following [22] the effective non-abelian Yang-Mills ac-
tion for a massless vector field takes the generic form
3including all independent invariant field operators
L = −1
8
tr
[
F 2µν + α
′
(
a1FµλFλνFνµ + a2DλFλµDρFρµ
)
+ (α′)2
(
a3FµλFνλFµρFνρ + a4FµλFνλFνρFµρ
+ a5FµνFµνFλρFλρ + a6FµνFλρFµνFλρ
+ a7FµνDλFµνDρFρλ + a8DλFλµDρFρνFµν
+ a9DρDλFλµDρDσFσµ
)
+ . . .
]
(5)
where α′ is the string tension, Fµν = ∂µAν − ∂νAµ +
[Aµ, Aν ] and D is the non-abelian covariant derivative.
Excluding all but the on-shell non-vanishing and local
field transformation invariant terms, one arrives at
L = −1
8
tr
[
F 2µν + α
′
(
a1FµλFλνFνµ
)
+ (α′)2
(
a3FµλFνλFµρFνρ + a4FµλFνλFνρFµρ
+ a5FµνFµνFλρFλρ + a6FµνFλρFµνFλρ
)
+ . . .
] (6)
The general Lagrangian will be written separately for
left and right non-interacting fields, with generically dif-
ferent left-right coefficients. So for, e.g., the left La-
grangian one has
LLYM = −
1
8
tr
[
FLµνF
L
µν + α
′
(
aL1F
L
µλF
L
λνF
L
νµ
)
+ (α′)2
(
aL3F
L
µλF
L
νλF
L
µρF
L
νρ + a
L
4F
L
µλF
L
νλF
L
νρF
L
µρ
+ aL5 F
L
µνF
L
µνF
L
λρF
L
λρ + a
L
6 F
L
µνF
L
λρF
L
µνF
L
λρ
)
+ . . .
]
(7)
The expression for the right Lagrangian is identical, but
with everywhere FLµν → FRµν and e.g. aL1 → aR1 etc.
The inclusion of independent left and right field in-
variants is important because the KLT-relations allow
for different left and right scattering amplitudes. In or-
der to include string solutions such as heterotic strings,
the possibility for a generally different left and right scat-
tering amplitude has to be included into the formalism.
Heterotic string solutions will however not be considered
explicitly here.
In general relativity a similar situation occurs for
the effective action, following [23] the most general La-
grangian one can consider is
L = 2
√−g
κ2
[
R+ α′
(
a1R
2
λµνρ + a2R
2
µν + a3R
2
)
+ (α′)2
(
b1R
µν
αβR
αβ
λρR
λρ
µν + b2(R
µν
αβR
αβ
λρR
λρ
µν
− 2RµναβRβγνλRλµγα) + b3RµαβγRαβγνRµν + b4RµνρλRνλRµρ
+ b5RµνR
νλR
µ
λ + b6RµνD2Rµν + b7R2λµνρR
+ b8R
2
µνR+ b9R
3 + b10RD2R
)
+ . . .
]
(8)
again most terms can be removed be a field redefinition.
Here D denotes the gravitational covariant derivative.
This leaves only the terms
L = 2
√−g
κ2
[
R+ α′
(
a1R
2
λµνρ
)
+ (α′)2
(
b1R
µν
αβR
αβ
λρR
λρ
µν
+ b2(R
µν
αβR
αβ
λρR
λρ
µν − 2RµναβRβγνλRλµγα)
)
+ . . .
]
(9)
to be considered when comparing S-matrix elements. In
the above form of the field redefinition invariant effective
action the conventions of [23] is followed.
SCATTERING AMPLITUDES IN YANG-MILLS
THEORY AND GRAVITY
In this section we check and review results contained
already in refs. [22, 23], for use in later sections. In order
to calculate the scattering amplitudes from the effective
actions, one must expand the gravity Lagrangian. The
3-point amplitudes in gravity is rather uncomplicated,
as one can exclude all terms that vanish on-shell. The
on-shell non-vanishing contributions in the effective grav-
itational action, can then be found as
R = −κ
3
4
hαβ(hλρ∂α∂βhλρ + 2∂αhλρ∂ρhβλ) + . . . , (10)
R2λµνρ − 4R2µν +R2 = −κ3hµν∂µ∂ρhαβ∂α∂βhνρ + . . . ,
(11)
R
µν
αβR
αβ
λρR
λρ
µν = κ
3∂ρ∂αhβν∂β∂λhµα∂µ∂νhλρ + . . .
(12)
Here gµν ≡ ηµν + κhµν , where ηµν is the flat metric.
Because of the flat background metric no distinctions are
made of up and down indices on the right hand side of
the equations, so indices can be put where convenient.
The results are identical to these of ref. [23], and gives
the following generic 3-point scattering amplitude for the
effective action of general relativity
M3 = κ
[
ζ
µσ
2 ζ
µρ
3
(
ζ
αβ
1 k
α
2 k
β
2 δ
σρ + ζσα1 k
α
2 k
ρ
1 + ζ
σα
1 k
α
3 k
ρ
1
)
+ ζµσ1 ζ
µρ
3
(
ζ
αβ
2 k
α
3 k
β
3 δ
σρ + ζσα2 k
α
1 k
ρ
2 + ζ
σα
2 k
α
3 k
ρ
2
)
+ ζµσ1 ζ
µρ
2
(
ζ
αβ
3 k
α
1 k
β
1 δ
σρ + ζσα3 k
α
1 k
ρ
3 + ζ
σα
3 k
α
2 k
ρ
3
)
+ α′[4a1ζ
µσ
2 ζ
µρ
3 ζ
αβ
1 k
α
2 k
β
2 k
σ
3 k
ρ
2
+ 4a1ζ
µσ
1 ζ
µρ
3 ζ
αβ
2 k
α
3 k
β
3 k
σ
2 k
ρ
1 + 4a1ζ
µσ
1 ζ
µρ
2 ζ
αβ
3 k
α
1 k
β
1 k
σ
2 k
ρ
3 ]
+ (α′)2[12b1ζ
αβ
1 ζ
γδ
2 ζ
τρ
3 k
τ
1k
ρ
1k
α
2 k
β
2 k
γ
3k
δ
3]
]
(13)
where ζµνi and ki, i = 1, .., 3 denote the polarization ten-
sors and momenta for the external graviton legs.
4In the Yang-Mills case the following result for the
generic 3-point amplitude can be worked out. Here it
is written for e.g. the left vector fields
A3L = −
[
(ζ3 · k1ζ1 · ζ2 + ζ2 · k3ζ3 · ζ1 + ζ1 · k2ζ2 · ζ3)
+
3
4
α′aL1 ζ1 · k2ζ2 · k3ζ3 · k1
]
(14)
This result is equivalent to that of ref. [22]. With a sim-
ilar notation as used above in the gravity case, ζµi , ki,
i = 1, .., 3 denotes the polarizations and momenta for
the external vector lines. The on-shell 4-point amplitude
is generically a rather complicated expression, as many
terms are non-vanishing on-shell. But in order to match
the amplitudes of the gauge theory with gravity, only
certain specific parts of the amplitude need to be com-
pared [22, 23, 25, 26]. Gauge invariance will dictate the
remaining parts of the amplitude to go along. Using the
part of the scattering amplitude where no momenta is
contracted with an external polarization index, simpli-
fies the calculations. Besides the 4-point contact vertices
there are three different types of graviton exchanges to
order α′2, these contributions have to be included too in
the 4-point amplitude. The 3-point parts giving these
contributions i.e. with one leg off-shell and the two other
satisfying the on-shell external polarization index con-
straint can be found below. Expanding the Lagrangian,
one finds the following contributions
R = −κ
3
4
hµνhνρ∂
2hρµ + . . . , (15)
R2λµνρ−4R2µν+R2 = −
κ3
2
∂αhµν∂αhνρ∂
2hρµ+ . . . , (16)
R
µν
αβR
αβ
λρR
λρ
µν = −
3κ3
2
∂α∂βhµν∂α∂βhνρ∂
2hρµ
+ 3κ4(hµν∂α∂βhνρ∂α∂γhρσ∂β∂γhσµ
+
1
2
∂αhµν∂βhνρ∂α∂γhρσ∂β∂γhσµ) + . . . ,
(17)
R
µνα
βR
βγ
νλR
λ
µγα = −
3κ4
8
∂αhµν∂βhνρ∂β∂γhρσ∂α∂γhσµ + . . . ,
(18)
The same conventions as for 3-point terms are used in
these equations. The above results simply verify ref. [23].
The 4-point gravity scattering amplitude can then be
found to be [23]
M4 =
1
2
κ2
α′
[
ζ1ζ2ζ3ζ4(z + a1z
2 − 3b1(z3 − 4xyz)
− 3b2(z3 − 7
2
xyz) + (a21 + 3b1 + 3b2)(z
3 − 3xyz))
+ ζ1ζ2ζ4ζ3(y + a1y
2 − 3b1(y3 − 4xyz)
− 3b2(y3 − 7
2
xyz) + (a21 + 3b1 + 3b2)(y
3 − 3xyz))
+ ζ1ζ3ζ2ζ4(x+ a1x
2 − 3b1(x3 − 4xyz)
− 3b2(x3 − 7
2
xyz) + (a21 + 3b1 + 3b2)(x
3 − 3xyz))
]
(19)
where ζ1ζ2ζ3ζ4 = ζ
αβ
1 ζ
βγ
2 ζ
γδ
3 ζ
δα
4 and x = −2α′(k1 · k2),
y = −2α′(k1 · k4) and z = −2α′(k1 · k3).
In the Yang-Mills case the corresponding left scattering
amplitude reads
A4L =
[[
ζ1324 +
z
x
ζ1234 +
z
y
ζ1423
]
+
[
− 3a
L
1
8
z(ζ1324 + ζ1234 + ζ1423)
]
+
[9(aL1 )2
128
(x(z − y)ζ1234 + y(z − x)ζ1423)
]
− 1
4
[
(
1
2
aL3 )xyζ1324 − (
1
4
aL3 + 2a
L
6 )z
2ζ1324
+ (
1
4
aL3 +
1
2
aL4 )yzζ1234
+ (
1
4
aL3 + a
L
5 )zxζ1234 + (
1
2
aL4 + a
L
5 )yxζ1234
+ (
1
4
aL3 + a
L
5 )yzζ1423
+ (
1
4
aL3 +
1
2
aL4 )xzζ1423 + (
1
2
aL4 + a
L
5 )xyζ1423
]]
(20)
where x, y and z is defined as above, and e.g. ζ1234 = (ζ1 ·
ζ2)(ζ3 ·ζ4) and etc. Again we look only at the part where
no polarization index is contracted with a momentum
index. The contact terms in the above expression were
calculated explicitly and the results agree with those of
ref. [23]. The non-contact terms were adapted from [23].
THE OPEN-CLOSED STRING RELATIONS
The relations between open and closed string dictates
that the general M -particle function of the closed string
is related to a product of open strings in the following
manner. The conventions of [21] are here followed and
the relation is written as
AMclosed ∼
∑
Π,Π˜
eipiΦ(Π,Π˜)A
left open
M (Π)A
right open
M (Π˜) (21)
5where Π and Π˜ are particular cyclic orderings of the open-
string external lines associated with the right and left
moving modes. The function Φ(Π, Π˜) is the appropri-
ate phase factor of the exponential associated with the
explicit cyclic permutations. This open-closed string re-
lation has been derived from string theory, but it holds
as well in field theory.
For the 3- and 4-point amplitudes, the following spe-
cific KLT-relations are adapted [29]
M
µµ˜νν˜ρρ˜
3 gravity(1, 2, 3) = κA
µνρ
3 L-gauge(1, 2, 3)×Aµ˜ν˜ρ˜3 R-gauge(1, 2, 3)
(22)
and
M
µµ˜νν˜ρρ˜σσ˜
4 gravity (1, 2, 3, 4) =
κ2
4piα′
sin(pix)
×Aµνρσ4 L-gauge(1, 2, 3, 4)×Aµ˜ν˜ρ˜σ˜4 R-gauge(1, 2, 4, 3)
(23)
where M is a gravity tree amplitude, and A is the
color ordered amplitude for the gauge theory with cou-
pling constant g = 1. As previously the definition
x = −2α′(k1 · k2), . . . is employed, where k1 and k2 are
particular momenta of the external lines.
MAPPING OPERATORS VIA THE
KLT-RELATIONS
We now present the main results of this paper linking
the general relativity operators to the Yang-Mills ones
via the KLT-relations. This is done by demanding that
the scattering amplitudes generated by the Yang-Mills
effective Lagrangian in eq. (7) (and the corresponding
’R’ one) and the general relativity effective Lagrangian
in eq. (9) satisfy the KLT-relations eq. (22) and eq. (23).
In this way, the following equations are found to hold for
the generic coefficients in the effective actions:
3aL1
16
+
3aR1
16
= a1,
3aL1 a
R
1
64
= b1,
6aL5 + 3a
L
4 +
27(aL1 )
2
16
= 0,
6aR5 + 3a
R
4 +
27(aR1 )
2
16
= 0,
(24)
together with
96a21 = 6a
L
3 + 3a
R
3 + 18a
L
4 + 12a
L
5 + 24a
R
6
+
81(aL1 )
2
8
− 16pi2,
96a21 = 3a
L
3 + 6a
R
3 + 18a
R
4 + 12a
R
5 + 24a
L
6
+
81(aR1 )
2
8
− 16pi2,
96a21 = 6a
L
3 − 3aR3 − 6aL4 − 36aL5 − 12aR5 − 16pi2
− 27(a
L
1 )
2
8
+
27(aR1 )
2
8
,
96a21 = −3aL3 + 6aR3 − 6aR4 − 12aL5 − 36aR5 − 16pi2
+
27(aL1 )
2
8
− 27(a
R
1 )
2
8
,
(25)
96b1 + 48b2 = 4a
L
3 + 5a
R
3 + 2a
L
4 + 6a
R
4 + 8a
L
6
+
9(aR1 )
2
4
+
9aL1 a
R
1
2
− 16pi2,
96b1 + 48b2 = 4a
R
3 + 5a
L
3 + 2a
R
4 + 6a
L
4 + 8a
R
6
+
9(aL1 )
2
4
+
9aL1 a
R
1
2
− 16pi2,
(26)
96a21 − 96b1 − 48b2 = aL3 + 2aR4 − 12aL5 − 12aR5
− 32pi
2
3
− 9a
L
1 a
R
1
2
+
9(aL1 )
2
8
+
9(aR1 )
2
8
,
96a21 − 96b1 − 48b2 = 2aR4 − 4aL5 − 12aR5 + 8aL6
− 16pi
2
3
− 9a
L
1 a
R
1
2
+
9(aL1 )
2
8
+
9(aR1 )
2
8
,
96a21 − 96b1 − 48b2 = 2aL4 − 12aL5 − 4aR5 + 8aR6
− 16pi
2
3
− 9a
L
1 a
R
1
2
+
9(aL1 )
2
8
+
9(aR1 )
2
8
,
96a21 − 96b1 − 48b2 = aR3 + 2aL4 − 12aL5 − 12aR5
− 32pi
2
3
− 9a
L
1 a
R
1
2
+
9(aL1 )
2
8
+
9(aR1 )
2
8
.
(27)
Solving these equations, one ends up with the follow-
ing set of relations between the coefficients of the effec-
tive gravitational Lagrangian and the Yang-Mills vector
6Lagrangian:
aL1 = a
R
1 =
8
3
a1,
aL3 = a
R
3 =
4pi2
3
,
aL4 = a
R
4 =
2pi2
3
,
aL5 = a
R
5 = −
pi2
3
− 2a21,
aL6 = a
R
6 = −
pi2
6
+ 2a21,
b1 =
1
3
a21,
b2 =
2
3
a21
(28)
Thus we see that in order for there to be a mapping at the
order α′2, eq. (9) must take on particular values. As seen
from the above solution the coefficients aL3 , a
R
3 and a
L
4 ,
aR4 , are completely fixed by the KLT-relations for a given
effective gravity Lagrangian satisfying the constraints on
b1 and b2. Thus the KLT-relations are rather constrain-
ing on the form of the general relativity Lagrangians that
can be mapped into gauge theory.
This letter considers terms to order O(α′3) in the ef-
fective Lagrangians and have dealt with 3- and 4-point
amplitudes. Investigation of the mapping of operators
between gravity and Yang-Mills theory can be carried
out at higher orders of α′ and will possibly lead to fur-
ther insight of the mapping process.
DISCUSSION
The solution space of the above equations suggest the
following interpretation. For a given coefficient a1 in the
gravitational effective field theory action through order
α′2, there is a set of unique (left-right) effective Yang-
Mills Lagrangians, up to a field redefinition, that satisfies
the constraint of the KLT-relations. The set of solutions
span out a space of operator solutions, where the differ-
ent types of strings correspond to certain points along the
path. For string theories with similar left and right La-
grangians, one can find a bosonic string corresponding to
the solution: aL1 = a
R
1 =
8
3 , a
L
3 = a
R
3 =
4pi2
3 , a
L
4 = a
R
4 =
3pi2
2 , a
L
5 = a
R
5 = −pi
2
3 − 2, and aL6 = aR6 = −pi
2
6 + 2, on
the open string side, and a1 = 1, b1 =
1
3 and b2 =
2
3 , on
the closed string side, while the superstring correspond
to: aL1 = a
R
1 = 0, a
L
3 = a
R
3 =
4pi2
3 , a
L
4 = a
R
4 =
2pi2
3 ,
aL5 = a
R
5 = −pi
2
3 and a
L
6 = a
R
6 = −pi
2
6 , for the open
string, and a1 = b1 = b2 = 0 for the closed string. Also
the heterotic string can be fitted to the above solution
space but here a Chern-Simons term is needed in the ef-
fective action, and the left and right coefficients in the
action will be dissimilar and correspond respectively to
a bosonic and a superstring solution.
Since a1 are arbitrary in the above equations, the so-
lution space of the amplitude matching is much larger
than the traditional set of string solutions. That is,
non-traditional string solutions are allowed by the KLT-
relations.
The assumption of the KLT-relations provide us with
a very detailed and constraining solution mapping opera-
tors of general relativity into corresponding non-abelian
Yang-Mills operators. The R2µναβ term of the effective
action of general relativity is directly seen to correspond
to vertex products of a trF 2µν term and a trF
3
µν term of
the non-abelian Yang-Mills effective action. The map-
ping of the higher order terms is more complicated, but
still it is no problem to find the solution. It appears a
priori rather surprising that an explicit mapping process
is possible for such sets of dissimilar operators.
The results for the string solutions are identical to
the results of [22, 23, 24], but the viewpoint here is
very different. When one matches the coefficients of
the effective Lagrangian to the traditional string solu-
tions, only such solutions appear. Matching the ef-
fective Lagrangians through the KLT-relations leaves a
broader solution space, where non-traditional string so-
lutions are allowed too. The effective actions provide full
and very general theories both for Yang-Mills and for
gravity, at energy scales up to the Planck scale. Further-
more the link from the effective action to the low-energy
Lagrangian is obvious. This is not the case in string the-
ory where a Lagrangian formalism is not natural. String
theory in itself is found not to be required for the map-
ping, only the KLT-relations which hold more generally.
Still it is hard to see how the KLT-relationship would
have been found without string theory, and furthermore
it is very useful to know the string solutions, as a guide
in the mapping process.
Only the pure gravity and Yang-Mills effective actions
have been discussed in this letter, but clearly matter
sources could also be included. This would introduce new
aspects in the mapping process, and additional knowl-
edge of the mapping of operators could possibly be ex-
tracted. Another starting point for further investiga-
tions is perhaps to look upon relaxed forms of the KLT-
relations. That is: allowing for more general mappings
of the operators, e.g. replacing the sin(pix) with a gen-
eral series in pix. The possibility of a Chern-Simons term
in the effective gravity action and the heterotic string
solution is yet another issue.
At the present stage the KLT-relations point out some
clues of non-trivial links between gauge theory and grav-
ity, but still no full understanding of this has been ex-
tracted. Clearly future investigations should focus on
this problem.
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